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Couple-stresses solutions are obtained for an infinite tension elastic plate 
bounded at the interior by an elliptical hole with the static equilibrating 
tractions. The nominal tension in the plate is uniform along the major axis. 
The selection of the Mathieus’ functions and the form of weighting functions 
in the boundary conditions match a particular class of boundary values which 
reduces upon limiting processes to three special cases. These cases are ones 
with free stresses on the interior boundary: The couple-stresses solution for 
the degenerate circle, the couple-stresses solution for the degenerate crack, 
and the classical solution for the elliptical hole. Of particular interest is the 
degenerate crack problem. The couple-stresses solution for the degenerate 
crack is the same as the classical one of the crack. This is true because couple- 
stresses are related to curvature; however, no curvature is induced in this crack 
problem. 
1. INTRODUCTION 
The couple-stresses theory of elasticity is a generalization of the classical 
elastic theory of considering kinetically the body couples and surface couples 
and, kinematically, the curvature gradient. The origin of this theory is 
attributed to E. and F. Cosserate with modern developments by Truesdell, 
Toupin, Grioli, and Aero and Kuvshinskii. A discussion of the origin and 
development of the couple-stresses theory is given by Mindlin and Tier- 
sten [l]. A comprehensive review of the theory is given by Ju and Hsu [2]. 
Some of the recent works on plane problems which are of special interest to 
the present paper are selected in [3, 41. 
Of particular interest is a crack problem for its immediate practical value 
in the study of fracture strength. The approach toward the solution of that 
may be either by means of the degeneration of an elliptical hole in an infinite 
* This research was sponsored by Air Force Office of Scientific Research Grant 
No. AF-AFOSR-568-67. 
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region or by the use of a half-plane matching method [4]. The choice of using 
an elliptical hole has the advantages of (a) no a priori assumption [4] of 
solution form by means of the inverse or the semi-inverse approach, (b) ready 
check for the problem of a circular hole [3]. ( c ready check for the classical ) 
solution [5]. In order that the boundary may be described by a coordinate 
line, elliptical coordinates are used. Hence, all equations for the couple-stress 
theory of elasticity are derived in such coordinates. 
2. TWO-DIMENSIONAL COUPLE-STRESSES THEORY 
Orthogonal Curvilinear Coordinates (01, /3). To generalize the equations 
in [2, 31 which are derived for rectangular Cartesian (x, y) and polar coor- 
dinates (Y, O), consider those for (01, p). In the couple-stresses theory, the 
stress field and couple-stresses field can be expressed in terms of two stress 
functions, the Airy stress function U(x, y) and couple-stresses function 
Y(‘(x, y) satisfying 
V”U = 0, (1) 
-pyJ - pv4y = 0. (2) 
Here I is the couple-stresses characteristic length so that I” is the ratio of the 
Cosserat modulus to the modulus of rigidity p in [2, 31. Furthermore, the 
plane functions V2U and (Y - 12V2!P) are conjugate and satisfy the Cauchy- 
Riemann equations in (01, /3) 
h, ; (Y’ - 12C2Y) = - 2( 1 - I) Z2hB $ (V2U), 
h, 6 (Y - j2V2!P) = 2( 1 - I) Z2h, 2 (V2U). 
(3) 
The Laplacian and the biharmonic operators in terms of (ar, /3) are 
V2 = hJ, [i (-$-$) + $ (%$)I and V” = V2V2, (4) 
where h, and h, are scale factors in 01 and ,$ respectively. 
The stresses and couple-stresses are related to the stress functions U and 
Yin terms of (01, /I) as 
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(7) 
Elliptic coordinates (4, 7). Here (a, /3) are specifically defined as (I, 7) 
which are related to (x, y) by 
x = c cash e cos q 
y = c sinh E sin q 
(0 < 5 < a, 0 < 7] < 237). (10) 
I 7)=270° 
FIG. 1. An orthogonal system of confocal ellipses and hyperbolas. 
AS shown in Fig. 1, the curves .$ = constant and 7 = constant form an 
orthogonal system of confocal ellipses and hyperbolas, with the common 
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foci being the points (A c, 0). Define r and r’ as the semimajor and semi- 
minor axes, respectively, for any confocal ellipse: 
r = x = & c cash [, at 7j = 0, Tr; y = 0, 
Y’ = y = + c sinh 5, at 7j = iT:‘2, g 7r; .2’ = 0. 
(11) 
By definition, c is, with E as eccentricity of ellipse, 
c = r.5, ( 12) 
where 
cash E = c-l. (13) 
Figure 2 shows two limiting cases when E is 1 and 0, respectively (see Appen- 
dix). 
t 
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FIG. 2. Two limiting cases of the confocal ellipse. 
The scale factors for elliptic coordinates are, by use of 
(k)’ = ($)’ + (g)’ and (&)* = (8)’ + ($,‘, 
h=h=LL1J2 
c R c A ( 1 ’ (14) 
where 
Here, 
A = cash 2f - cos 21. (15) 
ah, ah, t2J1,‘* --=--z 
at at 
d-3/2 sinh 25, 
ahI _ ah, _ - - - - AM3/* sin 27. 
3 a? C 
(16) 
By use of (14), V* in (4) becomes 
v2 _ 2 a* a* 
[ ~2~4 a[* -+T* 1 (17) 
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By use of (14) and (16), the stress field-functions relations (5)-(g) become, 
in the elliptic coordinates, 
1 
( 
2 
1 
l/2 aY 1 2 l/2 aY 
PE=C A -3 
at &=- 2- arl' C ( ) 
(18) 
(19) 
(20) 
(21) 
(22) 
The positive components of stresses and couple-stresses in elliptic coordinates 
are shown in Fig. 3. 
Y 
DIRECTION OF 
7 - INCREASING DIRECTION OF 
I 
0 
-Y 
FIG. 3. The positive components of stresses and couple-stresses in elliptic 
coordinates. 
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3. STATEMENT OF THE PROBLEM 
The two-dimensional couple-stresses elastic theory is used to obtain 
solutions for the uniform tension plate bounded at the interior by an elliptical 
hole. The nominal tension p is parallel to the major axis. For the present 
general class of problems, the boundary conditions at the elliptical hole are: 
Here, ~~(7) and C+(T) are some weighting functions defined on the interior 
boundary: 
47) = ce2h - 4, ~~(71) = se2h - Q), (24) 
where tea and se, are Mathieu’s functions of the first kind, of order 2: 
ce,(q, - q) = - f (- 1)’ A$ cos 2~ 
r=O 
(25) 
se,(T, - q) = f (- 1)’ B!&* sin(2r + 2) 7. 
r=0 
(26) 
Here 14$t’ and II(*) sr+a are coefficients [6]; the parameter Q is the real positive 
number such that 
q = k* = [*(c/z)]‘. (27) 
The regularity conditions at infinity are: 
4. SOLUTION 
The solution to the biharmonic Eq. (1) is a linear combination of the set [5]: 
U, = eze + cos 277, CT2 = e-2F + cos 21, 
U, = e-*& cos 277, r;, = t, L; = ez6 cos 21. 
(29) 
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Equation (2) can be rewritten as 
PjY - l”pJJ) = 0, (30) 
(1 - py py _ 0. (31) 
The particular case of (30) is the expression of Y - Pi2Y = 0 which is 
expressed in 5 and 7 by use of (17): 
py pp 
~ &p + 372 __ - Zq(cosh 25 - cos 21) Y = 0. (32) 
Using the method of separation of variables and the form of solution of (32) 
as ?P([, 7) = t,@)+(q), (32) is reduced to two ordinary differential equations 
known as Mathieu’s equations. For the current problem, the wavefunction 
solutions [6] are chosen: 
y = ul, = P~,(S, - dl [=2h - a& (33) 
whereFek, is k-type modified Mathieu function of the second kind, of order 2: 
134) 
Here (p2)’ = - ce,(O, n) ce,(a/2, n)/AA*‘; vr = ke-6; v2 = kec; and I, , K,. 
are modified Bessel functions of the first and second kinds. Equation (31) 
implies that one solution of Y is harmonic, Y, . Furthermore, (3) concludes 
that Y, and 2(1 - V) Z2V21J must be conjugate harmonic functions. As such, 
Yr is selected with Cl in (29): 
y1 = (cash ,“;?zos 27) ’ 
Finally, U and Y are formulated by a superposition of stress functions given 
in (29), (33) and (35). 
where ct and E,-, define the seven unknown coefficients. 
Define (oij)t and (p&t corresponding to Lrt for t = 1, 2,... 5, (uiJt and 
(p& to Yy,-, for t = 6 and 7. Hence the general solutions are 
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Corresponding to U, and Y,-, , stresses, couple-stresses and some related 
quantities in (3) are calculated from (17) to (22) and the above mentioned 
results are then substituted into (IQ-(22), and simplified to result in 
aEE = & {c,[cos 4~ - 4 cos 27) cash 25 + 2 + @] 
+ c,[cos 477 - 4(cos 27) e-2c + 2 + eb4q 
+ c2[(cos 4q) e-2E - cos 2~(e-~” + 3) + 3e-2f] 
+ c&inhXl + dbs+) e2” - cos 27j(e4” + 3) + 3ezE] (38) 
- ~r[6-4-~ sinh 25(1 + sina 27 - cos 27 cash 25)] 
+ z2[- A(Fek,)’ (se,)’ + (Fek,)’ (se*) sin 2~ + (Fek,) sinh 2&e&}, 
%I = & {cl[cos 47 - 4(cos 27) e2E + 2 + e4E] 
+ c,[cos 47 - 4(cos 2~) e-2c + 2 + e-4E] 
- c,[(cos 47) e-2E + 3e-2E - cos 2y(e-4E + 3)] 
(39) 
- c,[sinh 281 c,[(cos 41) e*’ + - 3@ cos - 2q(e4[ + 3)] 
+ &[6k2 sinh 2[(1 + sin2 2~ - cos 2r) cash 201 
- EZ[ - A(Fek,)’ (se,)’ + (Fe/r,)’ (se2) sin 277 + Fek,(sinh 24) (se,)‘]}, 
a,, = & {2(c, - c2) sin 217 cash 25 
+ cs[(sin 47) e-2E - sin 27j(e+ + 3)] + c,[sin 211 
- c,[(sin 4~) ear - sin 2r](e4’ + 3)] (fw 
+ &,[~c-~A-~ sin 2v(sin2 25 - 1 + cos 27 cash 25)] 
+ z2[ - A(Fek,) (se,)” - sinh 2t(FeR,)’ (se,) + &A,) (se,)’ sin 2-r]], 
PE = --y- ciy,2 { - 2FJsin 27 sinh 251 + F2[A2(Fek2)’ (Se,)]), (42) 
thi = --&{- 2q1 - cos 277 cash 2Q + Z2[A2(Feh2) (se2)‘]), (43) 
409/40/3-5 2 
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where’ 
(Feh,)” = $ [J+k,(t, - 4% 
F 
(se,)’ = g [se2(q - q)] = i (- 1)“ (2r + 2) BE)tB cos(2r + 2) 7, 
r=o 
(se,)” = $ [se,(v, - q)] = f (- l)“+l(2r + 2)” B&, sin(2r + 2) 7. 
r=0 
Here the seven coefficients in (38)-(43) are determined by use of (23), (28) 
and the Cauchy-Riemann forms in elliptic coordinates, which can be obtained 
by use of (3) and (14), with OT = e, /3 = 7, 
PC” 
Cl=ig’ 
PC2 
c;! = F,G + 16, 
ms -gt 
C”=~Y 
cq = - $ (cos 26, - l), 
PC2 
c5=-7p 
bf-mh 
G=jjy$, E, = 2r4 ) 
where 
bs - gh + 0, G = c2,‘16(1 - v) Z2, 
r= 
B(‘) sinh 25 2 0 - 
i ’ 
[(Feh,)&, (+ + cash’ 25,) + (2 cash 20) f 
7=0 
b = - [(e-4F~ + 3) ($ + cash’ 25,) + e-2Eo cash 2fo] Bf’ 
+ [(e-“0 + 3) (cash 2.5,) + e-“Q + cosh2 2Eo)] BP) 
- [&(e-4E0 + 3) + em”0 cash 2to] Bt’ - 4 epzEOBF), 
l&e [6, Sections 3.21, 3.22 and 13.601. 
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f  = $$ {- [g(ezcO - 2) + 2(3 + e4’0 - 8 cash 24,) cash 25, 
+ (e”o + 2emzf0 - 2ep4’0 - 4) (1 + 2 cosh2 2&J] At’ 
+ [(- 3e2’o - 4em2’o + 4eA4’0 + 10) cash 28, 
- (3 + e4’0 - 8 cash 25,) (cosh2 2& + g)] At’ 
- [(2 cash 2e0 ep4’o - - 3) + (e”‘” + 3) cash 25, 
+ (eat0 - 10) cosh2 2&,] At) 
- [e%l cash 25, + 2 + 4 e4’o 4 cash 2&,] A:’ - - &(ezFa - 2) A!‘}, 
g = [- G cash 2&(& + 2 cosh2 2&J + 4 sinh2 2& - 61 B$’ 
- [G cosh2 2& + 3 cash 2&J BF) - [Q G cash 2&J@‘] 
+ W(~~~2LbJ 13 + 
1 
cosh2 2&b) cash 24,] 
[ 
f’ ((2~ + 2) B:!J2 
r=0 I 
+ 31) + cosh22&l f P + 3)2B%B% 
[ r=0 1 
+ [j cosh2[,] 2(B;‘)’ + f (2~ + 5)2B;;2Bt\6 
t=0 1 
- 9B:‘Bt’ + f (2r + 7)2B$;2B$\8 
7=0 I 
- [t + cosh2 %,I f B:!d& 
9-O 1 
1 - 2 [ f B(‘) 2Tf2 B(‘) 2r-M 9 
T=O II 
h = 
I 
- [i em2’o + 2(e-4E0 + 3) cash 2fo + 6em2” cosh2 24,] At’ 
- [7em2’o cash 25, + (ee4’0 + 3) (cosh2 25, + Q)] At’ 
- [2ep2’o + ew2% cosh2 2fo + (em4’0 + 3) cash 2to] At’ 
e-2b 
- [ee2’o cash 2fo + &(e-“O + 3)] A!’ - 4 At’\ , 
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m - PC’ {[(e4E0 
16 
+ 4 cash 2&, - I) (f + cash” 26,) + eeEo cash 25,] BF’ 
+ [(e4’” + 4 cash 2~5, - 1) cash 2[, + e”‘Q + cash’ 2&J] B;’ 
+ [k(e’“” + 4 cash 2[, - I) + eTEo cash 25,-J BF’ + $ e2EoBF)), 
s = G1 - [+ + 8 cash” 2[, + (2 + ep4’O)( 1 + 2 cosh2 250) - $ sinh 2&] A:’ 
- 
[ 
2(4 + eF4’~ + 2 cosh2 2f,) cash 25, - g sinh 4&,] A$’ 
- 
I 
i(3 + e-4Fo + 10 cash” 250) + $ sinh 2&,] A?’ 
- (2 cash 2f ) A(‘) - 1 k2” 0 6 4 R \ 
+ 2r i [(+ + cosh2 25,) (sinh 25,) (Fek2)E+o 
( 
- ($ + cosh2 25,) (Fek,)&, cash 2f,,] 
[ 
f (r + 1) z4E,‘,2B$\2 
7=0 I 
+ [2(cosh 25,) (sinh 2fJ (Fek,),+, - 3(cosh” 25, + i) (~e~2);-,l 
x 
[ 
AF)B;) + f (r + 1) A4”,)+&+, 
1=0 1 
+ &[sinh 2f,,(Fek2)S+, - 3(cosh 2fo) (~e~2)&,l 
+ 3At’B;’ + 2 (Y + 1) A$‘,,B;a!,, 
T=O I 
+ +() + cosh2 25,) i A:‘,,BE!+2 - f Akk;;:2 
r=0 S=O 
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5. REDUCTION TO VARIOUS CASES 
Case 1. Couple-stresses elastic solution to an infinite elastic plane with a 
circular traction-free hole under simple uniform tension. 
Equation (36) represents a general solution in elliptical coordinates for a 
specific boundary value. It is readily obtained by use of the limiting forms 
explained in Appendix, part (b). 
U = $ r2(1 - cos 4) - ‘$ In r + pa2 
2(1 +A) 
[ - az(;; A) + l] cos 24, 
y _ lPfA 4(1 r24 al _ AK2 + 
[ 
( 1 
Kl f ( 1 I 
sin 24. (45) 
Equation (45) is identical to the forms obtained by [3]s with 
A = 8(1 - ~)/[4 + a/l + 2a& (+)/Kr ($)I. 
Case 2. Infinite elastic plane with a crack of length 2c parallel to the 
major axis under simple uniform tension along the major axis. 
Solution to this problem can be obtained from the solution of the elliptical 
hole problem by taking 5s +O by means of forms in Appendix, part (a). 
As such, the limiting values of ct and E,-, in (44) become 
PC2 
Fy c, = 0, 
o+ 
lim E - lim S, = 0. 
go+0 l - go*0 
Equation (46) shows that in this crack problem !?’ = 0, that is, the couple- 
stresses effect vanishes, and these reduced solutions are identical to the cor- 
responding classical ones which can also be obtained by the same limiting 
process in [5]. Since couple-stresses are related to curvature and no curvature 
is induced in this crack problem, it is clear that couple-stresses solutions 
should be the same as the classical ones. 
z There is a misprint for E in (38) in [3]. The correct form is 
E = (--~alF)l(l + F) Kk~ll). 
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Case 3. Classical solution of infinite elastic plane with an elliptical 
traction-free hole. 
Since ql!” _ i (c/Z) = K, for fixed c, E + 0 implies that 4 --t 00 or k - co. 
The following limiting quantities are obtained by using [6, p. 471. 
lii(A:2,‘jAy) = 2(- l)‘, 1:~ B(” _ ar = 0 for r = 1,2, 3...; (47) 
l$n(B$,/B;‘) = (- l)‘(r -+ l), for r = 1,2, 3...; (48) 
l,‘? -4:’ = 0, for r = 1, 2, 3,...; --f (49) 
lim(B.“‘/ 4”) = lim(A(‘)/B(‘)) = 1. 
I+0 2 i’ 0 l+O 0. 2 (50) 
For large arguments a, we have [6, pp. 377-3781: 
I,(z) g es(27rz)1/2 E In’(Z), 
K,(z) z e-z(2z/r)-1/2. 
(51) 
Substituting (A.7) and (A.8) into (34) and Fek,’ for the large value of q 
(small value of I) and taking the limit of the resulting form, we obtain 
1~~((Fek2)E,,,i(Fek2~=~~) = (sinh e,)/2. (52) 
All the series terms in forms g and s can be shown to be absolutely and 
uniformly convergent [6, p. 381. A s such, by use of [7, pp. 339-3401, (49) 
and the second form of (47), all these series in g and s tend to be zero as 2 + 0. 
Based upon this argument and (52), it is seen that in g/Bi2) and s/Ah2r, terms 
containing Z as denominators dominate for the small value of 1. Hence, other 
terms in g/B!f) and s/As) can be neglected as compared with terms having Z 
as denominators, for Z+ 0. 
By use of (47)-(52), the limiting values of ct and c’,-, in (44) become 
','T Cl = &PC", + ','y c2 = -$pc2(2e24 - I), --f ‘,‘y c2 = - &pc2e4’0, + 
‘;+y c4 == $ pc2(1 - cash 2[,), (53) 
l$ cs = - &PC”, + ljy Cl = ljy r2 = 0. + -f 
Equations (53) are identical to the forms obtained in [5, pp. 543-5441. As 
Id 0 couple-stresses olutions in (38)-(43) reduce to these classical ones. 
COUPLE-STRESSES ELASTIC SOLUTION 721 
6. DISCUSSION AND CONCLUSION 
The solutions to this problem are given either as stresses and couple- 
stresses functions in (36) or as stresses and couple-stresses in (38)-(43), 
together with the seven determined coefficients in (44). All series in those 
coefficients are convergent. The result obtained is a subclass of solutions to 
the general self-equilibrated boundary-value problems. The selection of the 
Mathieus’ functions and the form of weighting functions in (23) match a 
particular class of boundary-values, which gratifyingly does reduce upon 
limiting processes to various cases of the degenerate circle, the degenerate 
crack and the classical solution. 
The solutions for the degenerate circle have been shown to be identical 
to the results in [3]. The solutions for the degenerate crack are seen to be 
the same as those obtained in [5], by proceeding according to the same limiting 
process. Since couple-stresses are related to curvature and no curvature is 
induced in this crack problem, it is clear that couple-stresses solutions for the 
crack problem should be the same as the classical solutions in [5]. The 
classical solutions for the elliptical traction-free hole problem are obtained 
by taking 1+ 0 from (36) and are identical to the results in [I?]. 
APPENDIX 
(a) Some limiting forms when the ellipse tends to a crack with either E -+ 1 
OY to + 0 
The ellipse with the semimajor axis, a = c cash &, , and the semiminor 
axis, b = c sinh [,, , tends to the length 2c, when 6 + 1, while a + c, b + 0 
shown in Fig. 2(a). By use of (13) with E = &, , E -+ 1 is seen to be equivalent 
to &, + 0. By direct computation, the quantities are 
$ ertnco = 1, for n = 1, 2, 3,...; 
o-’ 
Frn[sinh 25,,] = 0, 
II+ 
I$r[cosh 2&,] = 1, 5 o 
&,[(Fek&+,l = F&(0, - 4), 
$$(Feka)&,] = Fek,‘(O, - 4) = - [P,‘cea(O, d/~~f)l. 
(A.11 
(A.3 
(A-3) 
(A-4) 
(b) Some limiting forms when the ellipse tends to a circle with E --+ 0 
For fixed Y, as E + 0, the confocal ellipse of the semimajor axis Y tends to a 
circle with Y as radius, and the confocal hyperbolas become radii of the circle, 
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with 7 = 4 (see Fig. (2a)). By use of (12) and (13), it is clear that E- 0 
corresponds to c --f 0 and 5 -+ ,m. Bv means of these equivalent limiting 
processes, we obtain: 
for 71 = 1, 2, 3 ,..., (A.5) 
64.6) 
(A.7) 
li+i(se,) = sin 24, F+r$ce2) = cos 24. C4.8) 
For the specific ellipse of the semimajor axis a with E = & , (A.8) still holds 
while (A.5HA.7) take the following forms: 
for n = 1, 2, 3 ,..., G-w 
(A. 10) 
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